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A SELF-SIMILAR SOLUTION FOR FAN JETS WITH AN ARBITRARY DEGREE OF SWIRLING

E. M. Smirnov UDC 532.526

Solutions are known [1-4] to the problem of the propagation of swirled fan (radial) jets
into a submerged space. Functions which are valid at a distance considerably exceeding the
radius of the round slit, where the jet is always weakly swirled, are obtained in [1, 2]. In
the search for a golution for a jet discharging from an infinitely narrow slit of finirte
radius the assumption of weak swirling of the jet was introduced in [3] as an auxiliary as-
sumption. In [4], where several terms of an asymptotic expansion by inverse powers of the dis~
tance from the nozzle were found for a laminar jet with a considerable swirling, the question
of the determination of the integration constants remains open.

In the present paper it is shown that the problem of the propagation of a fan jet dis-
charging from an infinitely narrow slit of finite radius has a self-similar solution for any
degree of swirling of the jert.

§1. In the approximation of boundary-layer theory the equations describing the flow in
swirled laminar or turbulent fan jets of incompressible liquid have the following form in the
cylindrical coordinate system X, y, ¢ (the x axis is directed perpendicular to the axis of
symmecrry and ¢ is the pelar angle)
) Ju du w? 1 dt

S T TR &
dw o dw . we 1 Ity

T Ty (1.2)

d{ew) | d{xr) 1.3

iz oy ——O’ &

where u, v, and w are the components of the velocity vector in the directions of the %, vy,
and ¢ axes; Ty and T¢ are the components of the shear stress of friction in the directions
of the x and ¢ axes; p is the density of the liquid.

First let us consider a free submerged jer. Then the system (1.1)-(1.3) must be inte-
grated with the following boundary conditions:

(1.4)

!U:O, w =0 at ¥ = £ o0}
1——20 at y =0,

The goal of the present report is to find a self-similar solurion, and therefore the
initial condition loses its importance. The two integral conditions of conservation needed
for complete determinacy of the problem will be obtained in the course of the solution.

We will adopt the widely prevalent hypothesis that the following relationship is valid
not only for laminar flows but also for turbulent flows of the boundary-layer type:
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—-——-Tx' = _Lp v (l . 5)
duldy ]y’
§2. Equations (1.1)-(1.3) and the boundary conditions (1.4) do not impose restrictions
on the assumption of similarity of the profiles of the longitudinal velocity components in
each cross. section. Thus, we set

wlz, ¥y = Mxdu(z, y). (2.1)
Substituting (1.5) and (2.1) into (1.1) and {1.2), we ascertain that with
‘ ' ' b= (Da? — 1)-12, . ' . (2.2)
where D is a constant, Eqs. (1.1) and (1,2) are reduced to the same form
au. au 2Pyt 1 07, ‘
IL—E'TTLT);-——? 2-5—[“7-1—;-. (2-3)

Consequently, the second of these equations can be omitted from further consideration.

o We perform the following transformation of variables of the system of equations (2.3)
and (1.3):

X
[.rl =\ f(z/z)dz, ¥, = yoz/z,
‘ ' (2.4)
— 7 e I x , L b d (r0)
zu; =1, 0, g .:'o—f (’ ‘L_'_/_a; ) [ e ~—d;z; - s

where w = w(x) = (1 + )\2)’1/’; f(x/%0) is some function defined below; x = X, corresponds to
the initial cross section, to the radius of the round slit from which the jet escapes, in
particular. As a result of the application of the transformation (2.4) to Eqs. (2.3) and
(1.3) we obtrain the system

an du z 9t
{ul ;.’ + vl = E J— - ' _ X ,

oy aiy pozef (wixy) Gy
uy . ory =0 (2.5)
grg ' ody

which exactly coincides with the system of equations describing the flow in plane jets if

T
I T 6
Y= T (azg) (2.6)
The boundary conditions (1.4) are transformed into the boundary conditions for a plane
submerged jet.

Suppose that one is able to choose a function f(x/x%o) such that (2.6) is satisfied. Then
the problem of the propagation of a free swirled fan jet discharging from an infinitely nar-
row slit into a submerged space, the transformation (2.4) together with (1.5) and (2.1), is
reduced to the problem of a plane free jet source. The latter is self-similar for both lami-
nar [5] and turbulent [6] forms of motion. Comsequently, the original problem also has a
self-similar solution.

Without writing out the well~known [5, 6] solutions for plane jet sources, we only re-
call that these solutions are determined by a single quantity, apart. from the physical char-
acteristics of the liquid: the impulse of the jet. Let us express this quantity through the
integral characteristics of a swirled fan jert.

The integral condition of conservation which is valid for a plane submerged jet is
p \ uidy, == K = const,
which in the variables describing the propagation of a fan jet, in accordance with (2.4), has
the form

1
T A B

2:103:1/ 1--2
./ i

{ = \q widy = J = const, (2.7)
3.

—_—0

where
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J = 2apzx, f u? (zy, y) dy;

-0

A = Xo at X = Xo while the quantities J and K are related by the equation

/R A
TV itk (2.8)

2az,

K=
From the integration of (1.2) across the jet we immediately get

i

2mm2YwMy=L=cmﬂ

or, using (2.1) and (2.7),

133
MJ]_/F;‘F; =L (2.9
Taking A = Xo at X = X0 in (2.9) and (2.2), we obtain
L A (Tzo/LY
Ay —-7;; Z)—--———;gi——. (2.10)

Thus, the qualtity K, which enters into the solution for a plane jet, is fully determined
through the integral characteristics of a fan jet.

Let us find the form of the function f(x/xo) which is needed later. 1In the case of lami-
nar jets (u is the coefficient of dynamic viscosity)

L=t 3y, oz dx w3z
which in conjunction with (2.6) determines f(x/xo) = w(x/xe)?2.

In a discussion of free turbulent flows one can neglect molecular transfer in comparison
wicth turbulent transfer. Using the generalized mixing-iength hypothesis of [7], for example,

we write
P /[ Su . Gw 2_2__ . i duy
T =P ’]/ (1) ‘(dl/ Y 1=l UJ;)

We assume that the mixing lengths 7 and I, are proportional to the corresponding char~
acteristic transverse sizes § and &:; i.e., 7 = ¢cof and 7, = ¢,8,, where co and ¢; are empiri-
cal constants Comparing (2.6) and (2.11) and allowing for (2.1) and (2.4), for the turbu-
lent form of motion we will have

o

(2.11)

»

Hx'zy) = nix ”xo.- (2.12)

Here the factor n® = (co/c;:)? allows for the possibility that the constants of propor-
tionality between the mixing length and the characteristic transverse size for fan and plane
jets may not coincide. The form (2.12) of the function f(x/xo) is retained when the most
simple hypotheses of turbulence are used.

It also turns out to be possible to obtain a self-similar solution for laminar semibounded
fan jets discharging from infinitely narrow slits of finite radius and having an arbitrary de-
gree of swirling. In the statement of the problem for a semibounded jet, in comparison with
that for a free jet, only the boundary conditions are changed, and they now take the form

u=w=v=0 at y=0,

One can ascertain that the transformation (2.4) together with (2.1) and (2.2) reduces this
problem to the plane problem of a semibounded jet discharging from an infinitely narrow slit.
The latter has a self-similar solution, obtained in [8]. In this case the integral quantity

oo /yl

N=p ( f( | uldyl) dy, = const

0 0
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entering into the solution for the plane jet is expressed through the integral characteris-
tics of the swirled fan jet in a way analogous to (2.8) and (2.10):

M
Emo !

Af==-——-vf1 23, %
where (see [2])

00

4
E = 2npx} f u?(z,, ¥) [\ w(xy ¥) dy] dy;
b b

2
ﬂ[:an@juw(}m@)dyzcmmt
b £ )

In conclusion, we note that all the solutions found earlier for free swirled fan jets are
obtained as particular cases from the results of the present work.
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STABILITY OF POISEUILLE FLOW IN AN ELASTIC CHANNEL

0. Yu. Tsvelodub o UDC 532.5

The stability of a laminar boundary layer at a surface of the membrane type has been
analyzed in [1, 2], while the stability of Poiseuille flow between membranes are analyzed in
[3, 4]. Walls with a linear relationship between the perturbation of the pressure and the
normal deformation of the surface were taken as the chamnel boundaries in [5]. The stability
of the profile V= siny (0 =y =< ) was analyzed numerically in [6]. The stability of Poi-
seuille flow in a channel whose walls are elastic plates is studied in the present report. In
contrast to [3, 5, 6], pulsations of the friction at the channel walls are taken into account
along with pressure pulsations, just as in [4]. It is shown that a significant reorganization
of the regions of instability occurs when they are allowed for. A region of instability is
found which exists for any finite Reynolds number,

A stream whose velocity profile is V = Vx =1 — y? in a channel with walls y = *1 is
analyzed (Fig. 1) For the normal and tangential displacements of the upper plate we have

[71

Fig, 1
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